We examine numerically the process of gravitational wave recoil in the merger of two black holes in non head-on collision, in the realm of Robinson-Trautman spacetimes. Characteristic initial data for the system are constructed, and the presence of a common apparent horizon implies that the evolution covers the post-merger phase up to the final configuration of the remnant black hole. The net momentum flux carried out by gravitational waves and the associated impulses are evaluated. Our analysis is based on the Bondi-Sachs conservation laws for the energy momentum of the system. The net kick velocity V k imparted to the merged system by the total gravitational wave impulse is also evaluated. Typically for a non head-on collision the net momentum flux carried out by gravitational waves is nonzero for equal-mass colliding black holes. The distribution of V k as a function of the symmetric mass ratio η is well fitted by a modified Fitchett η-scaling law, the additional parameter modifying the law being a measure of the nonzero gravitational wave momentum flux for equal-mass initial black holes. For an initial infalling velocity v/c ≃ 0.462 of the colliding black holes, and incidence angle of collision ρ0 = 21
I. INTRODUCTION
The collision and merger of two black holes is presently considered to be an important astrophysical configuration where processes of generation and emission of gravitational waves take place (cf. [1] and references therein). The radiative transfer involved in these processes, evaluated in the full nonlinear regime of General Relativity, shows that gravitational waves extract mass, momentum and angular momentum of the source, and may turn out to be fundamental for the astrophysics of the collapse of stars and the formation and population of black holes in galaxies [2] [3] [4] .
In this vein we have recently examined numerically the gravitational wave production and related radiative processes, as mass-energy and momentum extraction by gravitational waves, in a general collision of two Schwarzschild black holes [5] , described in the realm of non-axisymmetric Robinson-Trautman (RT) spacetimes [6] . Characteristic initial data that represent two instantaneously boosted black holes in non head-on collisions were constructed for the RT dynamics. The initial data already present a common apparent horizon so that the dynamics covers the post-merger phase of the system. The present paper focuses on the processes of momentum extraction by contemplating the time behavior of the momentum fluxes of the gravitational wave emitted and the associated total impulses imparted to the binary merged system. Our treatment is based on the Bondi-Sachs energy momentum conservation laws [8] [9] [10] . The use of the Bondi-Sachs formulation gives a clear and simple picture of the kick processes generated in the recoil of the the binary merged system which are related to the maximum impulse due to the gravitational wave flux in each regime characterized by the initial data.
The kick processes and associated recoils in the merger of two black holes have been investigated within several approaches, all of them connected to binary black hole inspirals. Post-Newtonian approximations (cf. [11] and references therein) estimated the kick velocity accumulated during the adiabatical inspiral of the system up to its innermost stable circular orbit (ISCO) plus the kick velocity accumulated during the plunge phase (from the ISCO up to the horizon); the plunge contribution dominates the recoil but the evaluation of the dynamics in the latter stage is the most uncertain. A recent treatment using post-Newtonian calculations and incorporating "close-limit approximation" calculations is given in [12] . The first fully numerical verification of the recoil in nonspinning black hole binaries was reported by Baker et al. [2] for a mass ratio ∼ 0.667 of the two black holes. Later González et al. [13] undertook a more complete full numerical relativity examination of kicks in the merger of nonspinning binaries by contemplating a larger parameter domain. Recently Rezzola et al. [? ] obtained an important injective relation between the kick velocities and the effective curvature parameter of the global apparent horizon, in head-on collisions of two black holes in RT dynamics using initial data derived in Refs. [15, 16] . Some features of a non head-on collision are distinct from those of a head-on collision [15, 17] or from the merger of inspiral nonspinning binaries, mainly for large values of the initial mass ratio parameter and of the incidence angle of collision of the two initial colliding black holes. One of them is the nonzero net momentum flux carried out by gravitational waves in the case of equal-mass initial colliding black holes. Our results will be compared with previous estimates of black hole kicks from full numerical relativity simulations of binary black hole inspirals (cf. [13] and references therein).
The presence of kick processes and the magnitude of the associated recoil velocities can have important consequences for astrophysical scenarios, as the evolution and the population of massive black holes in galaxies or in the intergalactic medium [18, 19] . Observational evidence of black hole recoils have been reported in [3, 4] and references therein.
RT spacetimes [6, 7] are asymptotically flat solutions of Einstein's vacuum equations that describe the exterior gravitational field of a bounded system radiating gravitational waves. In a suitable coordinate system the metric can be expressed as
where
The Einstein vacuum equations for (1) result in
In the above, subscripts u, θ and φ denote derivatives with respect to u, θ and φ, respectively. m 0 is the only dimensional parameter of the geometry, which fixes the mass and length scales of the spacetime. Eq. (3), denoted RT equation, governs the dynamics of the system and allows to propagate the initial data K(u 0 , θ, φ), given in the characteristic surface u = u 0 , for times u > u 0 . For sufficiently regular initial data RT spacetimes exist globally for all positive u and converge asymptotically to the Schwarzschild metric as u → ∞ [20] . The field equations present two stationary solutions which will play an important role in our discussions: (i) the Schwarzschild solution corresponding to K = K 0 = const, with λ = 1/K 2 0
and mass M Schw = m 0 K 3 0 ; and (ii)
wherex = (sin θ cos φ, sin θ sin φ, cos θ) is the unit vector along an arbitrary direction x, and n = (n 1 , n 2 , n 3 ) is a constant unit vector satisfying n 2 1 + n 2 2 + n 2 3 = 1. Also K 0 and γ are constants. We note that (4) yields λ = 1/K 2 0 , resulting in its stationary character. This solution can be interpreted [8] as a boosted black hole along the axis determined by the unit vector n with boost parameter γ, or equivalently, with velocity parameter v = tanh γ. The K(θ, φ) function (4), which depends on three parameters, is a K-transformation of the generalized BondiMetzner-Sachs (BMS) group [8, 10] and represents a general Lorentz boost of the BMS.
The Bondi mass function of this solution is m(θ, φ) = m 0 K 3 (θ, φ), and the total mass-energy of this gravitational configuration is given by the Bondi mass
The interpretation of (4) as a boosted black hole is relative to the asymptotic Lorentz frame which is the rest frame of the black hole when γ = 0. This asymptotic inertial frame will be the one we refer to in Section 2, in the definition of the Bondi-Sachs energy-momentum, and in Section 5 when the center-of-mass motion of the merged system is discussed.
In the paper we use units such that G = c = 1; c is however restored after the definition of the kick velocity. Except where explicitly stated, all the numerical results were done for γ = 0.5. In our computational work we used m 0 = 10 but the results are given in terms of u/m 0 . We should note that we can always set m 0 = 1 in the RT equation (3) by the transformation u →ũ = u/m 0 .
II. THE BONDI-SACHS FOUR MOMENTUM FOR RT SPACETIMES, THE NEWS AND THE INITIAL DATA
Since RT spacetimes describe the asymptotically flat exterior gravitational field of a bounded system radiating gravitational waves and the initial data of its dynamics is prescribed on null characteristic surfaces, they can be included in the the realm of the Bondi-Sachs 2+2 formulation of gravitational waves in General Relativity [8] [9] [10] . Consequently suitable expressions for physical quantities to be used in the description of gravitational wave emission processes, as the Bondi-Sachs four momentum and its conservation laws, must be properly derived. From the supplementary vacuum Einstein equations R UU = 0, R UΘ = 0, and R UΦ = 0 in the 2 + 2 Bondi-Sachs formulation [8, 9] (where (U, R, Θ, Φ) are Bondi-Sachs coordinates), we obtain [8, 9] ∂m(u, θ, φ) ∂u
(1)
φφ , (6) where m(u, θ, φ) is the Bondi mass function and c (1) u (u, θ, φ) and c (2) u (u, θ, φ) are the two news functions, in RT coordinates. The extra factor K in the first term of the second-hand-side of Eq. (6) comes from the transformation of the Bondi time coordinate U to the RT coordinate u, lim r→∞ = ∂U/∂u = 1/K [21] . For the RT spacetimes (1), the news are expressed as [22, 23] 
where we have introduced the variable P ≡ 1/K, for notation convenience. We remark that c
for the boosted Schwarzschild solution (4), as should be expected. Our derivation [23] of Eqs. (7) extends the work of von der Gönna and Kramer [21] to the case of non-axisymmetric RT spacetimes, and agrees with Eq. (45) of Cornish and Micklewright [22] modulo the use of the RT time derivative and of the function P adopted in their representation of RT metric. The Bondi-Sachs four momentum is defined as [10] 
where l µ = (1, − sin θ cos φ, − sin θ sin φ, − cos θ), relative to an asymptotic Lorentz frame 1 . From Eq. (6) the Bondi-Sachs four momentum conservation law follows
is the net flux of energy-momentum carried out by the the gravitational waves emitted. We note that the term between square brackets in the right-hand-side of (6) vanishes in the integrations due to the boundary conditions satisfied by the news, c (1) = c (2) = 0 and c
θ = 0 at θ = 0, π. The mass-energy conservation law (Eq. (9) for µ = 0) is the Bondi mass formula. Our main interest in the present paper is the analysis of the linear momentum conservation law (Eq. (9) for µ = x, y, z). As we have discussed in [5] a general collision of two black holes in RT dynamics is planar, namely, the dynamics is restricted to the plane determined by the directions of the two initial colliding black holes. Therefore, without loss of generality, we fix this plane as the (x, z)-plane so that the momentum conservation equations relevant to our discussion reduce to
1 The four vector l µ actually defines the generators (l µ ∂/∂U ) of the BMS translations in the temporal and Cartesian x, y, z directions of the asymptotic Lorentz frame [10] .
Obviously P y (u) is conserved, this fact being a consequence of P y W (u) = 0 for all u. The initial data to be used was derived in Ref. [5] and represents two instantaneously colliding Schwarzchild black holes in the (x, z) plane, at u = u 0 ,
For α = 0, Eq. (14) corresponds to a black hole boosted along the positive z-axis. The parameter ρ 0 of the initial data, denoted the incidence angle of collision, defines the direction of the second initial black hole with respect to the z-axis; α is the mass ratio of the two initial colliding black holes and v = tanh γ their initial infalling velocity. This data already has a common apparent horizon so that the evolution covers the post merger regime up to the final configuration, when the gravitational wave emission ceases. Finally we note that, in the full BondiSachs problem, further data -the news functions -are needed to determine the evolution of the system. However for the RT dynamics the news are already specified once the data (14) is given, cf. Eqs. (7).
III. NUMERICAL EVOLUTION
The initial data (14) is evolved numerically via the RT equation, which is integrated using a Galerkin spectral method with a projection basis space in two variables (the spherical harmonics) [24] . The numerical method is accurate and highly stable to long time runs so that we are able to reach the final configuration of a boosted remnant black hole when the gravitational wave emission ceases [5] . This long time computation is demanded in order to determine the behavior of basic quantities necessary for the evaluation of the processes as, for instance, the total impulse imparted to the merged black hole by the gravitational radiation. Therefore we can examine physical phenomena in the nonlinear regime where full numerical relativity simulations might present some difficulties due, for instance, to the limited computational domain. In this sense the results of the evolution of the above data may be considered as complementary to full numerical relativity simulations on describing the late post-merger regime.
In our numerical experiments in the present paper we vary α in the interval [0, 1] with fixed ρ 0 = 21 o and γ = 0.5 (corresponding to an initial infalling velocity v ≃ 0.462). For comparison purposes, results for other values of the initial parameter ρ 0 are also considered. The truncation of the method adopted in our computation is N P = 7. Exhaustive numerical experiments show that after a sufficiently long time u ∼ u f all modal coefficients of the Galerkin expansion become constant up to twelve significant digits, corresponding to a final time of computation u f . At u f the gravitational wave emission is considered to effectively cease. From the final constant modal coefficients we reconstruct K(u f , θ, φ) that, in all cases, can be approximated as
With the final parameters (K f , γ f , n 1f , n 3f ) obtained from the final modal coefficients, we have in all cases that the rms error of Eq. (15) is of the order of, or smaller than 10 −12 . The final configuration corresponds then to a boosted Schwarzschild black hole (cf. (4)) with a final velocity v f = tanhγ f along the direction determined by n f = (n 1f , 0, n 3f ), and a final Bondi rest mass
The angle ρ f = arccos (n 3f ) -denoted the scattering angle -defines the direction of the remnant with respect to the z-axis. Within the numerical error of our computation we have (n 1f )
2 + (n 3f ) 2 = 1, as expected. The values of the parameters of the remnant black hole are one of the basic results to be extracted from our numerical experiments that, together with the initial data, allow us to evaluate quantities which are characteristic of the radiative transfer processes involved in the gravitational wave emission. Also, by computing K(u, θ, φ) for all u > u 0 , we can obtain the time behavior of important physical quantities, as for instance the total impulse imparted to the merged binary system by the emission of gravitational waves. Our numerical results are displayed in Table 1 and constitute the basis of the analysis of the gravitational wave recoil, in the next Section.
IV. GRAVITATIONAL WAVE MOMENTUM FLUXES AND THE KICK PROCESSES IN A NON HEAD-ON COLLISION
We are now ready to examine the processes of momentum extraction and the associated impulses imparted to the binary merged system by the emission of gravitational waves. Our starting point is the construction, via the numerically integrated function K(u, θ, φ), of the curves of the net momentum fluxes carried out by gravitational waves.
In Fig. 1 we display the curves of the net momentum fluxes P x W (u) and P z W (u) for mass ratios α = 0.2, 0.5, and fixed γ = 0.5 and incidence angle ρ 0 = 21 o . In both cases the curves present an initial regime of positive flux P z W (u) up to u = u k when P z W (u k ) = 0, with consequent increase of the linear momentum of the merged system along this direction, dP z (u)/du > 0. The value of u k increases as α increases.
The net momentum flux P x W (u) < 0 for all u 0 < u ≤ u f , so that the linear momentum of the system along the x direction always decreases. We then see that the system undergoes a dominant deceleration regime until it reaches the final configuration, the remnant boosted Schwarzschild black hole.
The initial regime of positive flux P z W (u) > 0 (for u 0 < u < u k ) is not present in the case of larger initial data parameters α and/or ρ 0 . In the next Section we will discuss the role of this initial positive gravitational wave flux in engendering, when present, an inspiral branch in the motion of the center-of-mass of the merged system.
A. The integrated fluxes of gravitational waves and the total impulse imparted to the merged system
Integrating in time the conservation Eq. (11) we find that
is the impulse imparted to the binary merged system due to the momentum carried out by the gravitational waves emitted up to the time u. In the above
and
The net total impulse imparted to the system has a dominant contribution from the deceleration regimes (where P z W (u) < 0 and P x W (u) < 0) and will correspond to a net kick on the merged system. This physically important behavior has already been reported in accurate numerical relativity simulations of the merger of unequal-mass binary black hole inspirals [2, 12, 13] .
The behavior of the impulse is illustrated in Fig. 2 where we plot I and γ = 0.5, corresponding to the time integration of the dashed curves in Fig. 1 . As expected the curve for I z W (u) presents a local maximum at u = u k , when the area measured below the curve of P z W (u) starts to give a negative contribution to the impulse, until u = u m when I z W (u m ) = 0. For large u ∼ u f the curves tend to a constant negative value (a plateau), corresponding to the final configuration when the gravitational wave emission ceases. It is worth mentioning that Fig. 2 also illustrates the dominance of a deceleration regime in the processes. The plateau is considered to be reached when TABLE I: Summary of our numerical results corresponding to an infalling velocity v/c ≃ 0.4621 (γ = 0.5) and incidence angle of collision ρ0 = 21
o . The best fit of the points (V k , η) to the formula (24) corresponds to A ≃ 3.63538199, B ≃ 2.46152380 and C ≃ 0.91379025, (cf. Fig. 4) . 
The dominant contribution to the net impulse imparted to the system comes from the deceleration phases and will correspond to a net kick on the merged system.
, where h is the stepsize of the integration used for the evaluation of I W (u). At this stage the remnant black hole has a momentum P = (n 1f , 0, n 3f ) P f , with
whose distribution as function of α, for several ρ 0 , is given in [5] . From Eq. (16) we can derive that
where the right-hand sides of (20) and (21) are the nonzero components of the net total impulse I W (u f ) generated by the gravitational waves emitted.
We o . The purpose of Figs. 3 is three-fold. First to show that, for high values of the mass ratio, the initial phase of positive gravitational wave flux along the z-axis is absent, with an overall deceleration of the binary merged system during the whole regime of gravitational wave emission. Second, the total final impulse along the z axis is about one order of magnitude smaller than the total impulse along the x axis; both of them are at least one order of magnitude larger that the corresponding impulses for α = 0.2. Third, in a non-head-on collision of two equalmass colliding black holes, the net gravitational wave flux, and the associated impulses are nonzero, contrary to the cases of head-on collisions or inspiral binaries of equal-mass black holes. The implications of the third point will be detailed in the next subsection.
B. The kick velocity and the modified Fitchett distribution for non head-on collisions
We are now led to define the net kick velocity V k of the binary merged system as proportional to the net momentum imparted to the system by the total impulse of gravitational waves up to u = u f . We remark that our definition of the net kick velocity is based on the impulse function I W (u) of the gravitational wave emitted evaluated at u = u f (cf. Eqs. (20)- (21)). These definitions are in accordance with [13] . We obtain (restoring universal constants)
with modulus
where m 0 K 3 f is the rest mass of the remnant black hole. We note that I W (u 0 ) = 0. The velocity (23) is directed along an axis making the angle Θ f = arctan(I x W (u f )/I z W (u f )) with the negative z-axis. The interpretation of this angle, as defining the asymptotic direction of the center-of mass motion in a particular inertial frame, will be given in Section V. From our numerical results we evaluate V k for several values of α, and for fixed γ = 0.5 and incidence angle ρ 0 = 21 o . The results are summarized in Table 1 where, in accordance with the literature, we use the symmetric mass parameter η = α/(1 + α)
2 . In Fig. (4) we plot the points (V k , η) from Table 1 to the analytical formula
with best fit parameters A ≃ 3.63538199, B ≃ 2.46152380 and C ≃ 0.91379025. The maximum net antikick obtained is ≃ 120.66 km/s at η ≃ 0.2257. Eq. (24) is a modification of an empirical formula originally derived from post-Newtonian analysis [25] and used by a number of authors [11] [12] [13] to describe the distribution of kick velocities. The additional parameter C is necessary to account for the nonzero net gravitational wave flux in non-head-on collision of two equal-mass black holes. Actually this modification introduced in (24) is the only one that works to produce an accurate fit, with rms error ≃ 0.0376 (and a normalized rms error ranging from 0.5% to 0.031%).
For comparison purposes we plot in Fig. 5 the points (V k , η) for the case of a head-on collision ρ 0 = 0 o [17] , together with those of the non-head-on collision with ρ 0 = 21 o given in Fig. 4 . The continuous curves are the best fit of the points to the analytical curve (24) with the best fit parameters C = 1 for (ρ 0 = 0 o ) (a genuine Fitchett curve) and C ≃ 0.91379025 for ρ 0 = 21 o . As ρ 0 → 0 the parameter C → 1 monotonically, as verified numerically. For the head-on case the distribution shows a consistent similarity with the results of Refs. [12, 13] where kicks in black hole inspiral binaries are estimated from full numerical relativity simulations and from combining numerical relativity with perturbation theory. This consistency is mainly connected to the order of magnitude of the kicks, and the location in η of the maximum kick.
Using a Newtonian reasoning we may conclude that the momentum of each body in the inspiral binary lies along the axis connecting the bodies and have the opposite direction, as seen from the center-of-mass frame of the system. On this basis we might expect that the momentum fluxes in this system and in a head-on collision present similar features. We should note that, since our choice of γ = 0.5 in the present paper was not fixed by any physical consideration, a larger γ in the initial data could be chosen so that the numerical values of the maxima agree with, or have substantially larger values than the ones in [13] . For instance, for γ = 0.7 (v/c ≃ 0.6044) and a value of α = 0.524979 (the latter corresponding to the location of the maximum in the case γ = 0.5, cf. A remark is in order now, concerning the balance between the total rest mass of the remnant and the total net impulse of the gravitational waves in the distribution of the net kick velocity shown in Fig. 4 . As can be seen from Table 1 , as η increases from 0 to 0.25, both the parameter K f and the total net impulse
However the increase of the rescaled Bondi rest mass of the remnant, K 3 f , is smaller than the increase of I W (u f ) up to η ≃ 0.225, implying that in this range the net kick velocity increases in accordance with (23) . Beyond this point the increase of K 3 f is larger than the increase of the total net impulse leading to a decrease in the values of V k up to η = 0.25.
Finally we must comment that the parameter C in the η-scaling law (24) , which assumes the value C = 1 for head-on collisions (ρ 0 = 0 o ) and for merging black hole inspirals, decreases monotonically as ρ 0 increases. In the case ρ 0 = 21 o we have C ≃ 0.91379025 as a best fit value while for the limiting case ρ 0 = 90 o we obtain C ≃ 0.21165880. In fact the quantity (1 − C), which increases (from zero) as the incidence angle ρ 0 increases, has a correspondence with the net kick velocity V k , or equivalently with the nonzero total gravitational wave impulse I W (u f ), for equal-mass colliding black holes (η = 0.25). We mention that for the case ρ 0 = 90 o the η-scaling law (24) with C ≃ 0.21165880 (and the other associated best fit values A ≃ 1.94862882 and B ≃ 0.76602543) fits nicely the numerical points (η, V k ) obtained. However this curve increases monotonically with η, a behavior analogous to the momentum distribution of the remnant black hole for ρ 0 = 90 o [5] .
These results will be the subject of a future publication.
V. THE CENTER-OF-MASS MOTION OF THE MERGED BINARY SYSTEM
In our numerical work and its interpretation we were led to deal with several types of velocity variables, as the net kick velocity, the initial infalling velocity of each individual black hole, v = tanh γ, and the final velocity of the remnant v f = (sin ρ f , 0, cos ρ f ) v f . Here we will further introduce the definition of an initial velocity v in of the binary merged system when the interaction of the two black holes and the initial gravitational wave content are taken into consideration. Our main interest in the present Section is to examine the relation among all these variables and try to find an appropriate definition of an approximate velocity of the center-of-mass of the merged system. The main problem in this task is connected to the fact that the system loses mass due to the emission of gravitational waves, which will lead us to look for a definition based on the momentum of the radiation emitted and the associated conservation laws.
In Table 1 we have given the final velocity v f for several η, which is directed along the axis making an angle ρ f with the positive z-axis. By using Eqs. (20)- (21) which are the components of the Bondi-Sachs integrated conservation law (16) evaluated at u = u f -we can relate v f to the net kick velocity through the expression
where P(u 0 ) is the initial Bondi-Sachs momentum of the system which depends on α, γ and ρ 0 , and P(u f ) is the final momentum which depends on γ f , K f and ρ f . The final velocity associated with the final momentum P(u f ) is given obviously by v f . A tentative definition of the initial velocity of the merged system can be calculated from the initial BondiSachs momentum P(u 0 ) as v in = P(u 0 )/M B (u 0 ), where M B (u 0 ) is the initial Bondi mass of the system. P(u 0 ) can be evaluated (with radiative corrections included) from the conservation law (16) by taking u = u f . The modulus of v in is obviously given by vin = P x (u0) 2 + P z (u0) 2 /MB(u0). The values of v in , for several η, are listed in Table 1 . We note that the initial velocity v in is distinct from the previously defined initial infalling velocity (v = tanh γ) in the following sense: strictly speaking the interpretation of v should actually be the initial infalling velocity of each hole at infinity before being brought into interaction, when such quantity no longer has a separately defined meaning. On the contrary, v in is the initial velocity at u 0 when the interaction of the two black holes and the initial gravitational wave content are already set up in the initial data. Table 1 shows that both v f and v in have a monotonic decrease with η (or equivalently with α). Some features of the momentum extraction from the merged black hole by gravitational waves -connected, for instance, with the asymmetry of the radiation emitted (namely, with α) and which are present in P f and V k -are erased in the distribution of v f . This is not the case of the difference of velocities defined by δV = (v f − v in ), with magnitude
The points (δV, η) have a distribution which is accurately fitted by the η-scaling law (24) with C = 1 (cf. Fig. 6 ), with a maximum δV ≃ 83.11 km/s at η ≃ 0.2087.
This velocity variable δV cannot however be related to the net kick velocity due to the following problems. Not only δV is much smaller than the net kick velocity (its maximum value being approximately two thirds of the maximum value of the net kick velocity) but also its value is approximately zero for α = 1.0 while the net kick velocity has a large value V k ≃ 107 km/s at η = 0.25. Furthermore v in < v f for all η (cf. Table 1) , which is not physically satisfactory since the deceleration regime is dominant in the post-merger phase for all initial data parameters. The reason for these discrepancies is that the velocity variable δV does not satisfy any momentum balance, while the net kick velocity was evaluated from the momentum conservation law (16) .
Alternative choices that do not present such problems may be obtained from (16) evaluated at u = u f , which we express as
where ζ0 ≡ MB(u0)/(m0K
Since in the nonlinear regime mass-energy is extracted by the emission of gravitational radiation, we have obviously that the mass ratio ζ 0 > 1, what -in view of (27) -makes the variable δV inappropriate for a description of the dynamics (an exception being the nonphysical scenario in which only momentum, and not mass, is extracted in the emission). We are then led to consider appropriate net velocities constructed with v in and v f as
where the mass ratio parameter ζ0 corrects the definition δV for the loss of mass in the process. The plots of the magnitudes δV CC and, for comparison, those of the net kick velocity V k and of δV are exhibited in Fig. 6 . The points of δV C are not included since the relative difference of its numerical values to the ones of δV CC does not exceed 0.63% for all 0 < η < 0.25, so the plots would not be distinguishable. The dashed curve is the least-square-fit of the points (δV CC , η) (squares) to the formula (24), with best fit parameters A ≃ 3.08913213, B ≃ 3.47815851 and C = 0.91126685. The maximum of δV CC obtained from the fit is ≃ 118.34 km/s at η ≃ 0.2277. This distribution shows a close agreement with the distribution of the net kick velocity (black circles and the solid curve). Finally the dotted curve is the least-square-fit of the points (δV, η) (diamonds) to the law (24) with C = 1.
From Eq. (25) we can then obtain an analytical relation between the net kick velocity and δV CC and/or δV C , given by
It is worth commenting here that the close agreement of δV CC and/or δV C with the distribution of the net kick velocity, as shown in Fig. 6 , is due to ζ 0 being just slightly larger than 1 for 0 < η < 0.25. For instance, for η = 0.0826 (α = 0.1) we have ζ 0 ≃ 1.00033978 and for α = 0.5 we have ζ 0 ≃ 1.00317349. This is sufficient to make δV C and/or δV CC positive and a few kilometers per second smaller than the net kick velocity. We also note that cosh γ f ∼ 1 for the relevant domain of η (γ = 0.5 and ρ 0 = 21 o fixed). From the above results we are now in a position to suggest a possible definition for the center-of-mass velocity of the merged binary. Our starting point is the fact that the velocity of the center-of-mass of the remnant black hole is obviously v f , as measured by an inertial observer at rest at infinity (cf. comment below Eq. 5). Also, by construction, the initial center-of-mass velocity of the merged binary is approximately v in and, for reasons discussed above, we adopt it as ζ0 vin. Relative to this same initial observer at infinity, and taking into account (27), we are led to introduce
as a tentative definition of the center-of-mass velocity at any time u ≥ u 0 . For u = u f and u = u 0 we have by construction that v cm (u f ) = v f and v(u 0 ) = ζ 0 v in ∼ v in . According to this definition, for an inertial frame L with velocity ζ 0 v in relative to a rest inertial frame at infinity, the motion of the center-of-mass is given by
The final velocity of the remnant (in this inertial frame L) is then
namely, the net kick velocity, as expected 2 . We are now in a position to describe the motion of the center-of-mass of the merged binary system in the inertial frame L. This inertial frame is actually the rest frame of the center of mass at u = u 0 , and the trajectory of the center-of-mass is an integral curve of the velocity field
An integral curve of the velocity field (34) with initial conditions x cm = 0 = z cm is illustrated in Fig.  7 for initial data parameters α = 0.2 and ρ 0 = 21 o . This velocity field is proportional to the field c I W (u) = c (I x W (u), 0, I z W (u)) so that the analysis of its integral curve can be discussed from the behavior of the curves in Fig. 2 . The positive impulse along the z-axis from u = u 0 to u = u m (resulting from the initial phase of positive gravitational wave flux along z) is responsible for the inspiral branch in the positive z semi-plane. For u → u f the curve approaches the asymptote which makes an angle Θ f = arctan(I
o with the negative z-axis of the inertial frame L. This asymptote is the direction of the net kick velocity, which is the velocity of the remnant in the inertial frame L. 
VI. FINAL DISCUSSIONS AND CONCLUSIONS
The present paper extends and completes [5] by a detailed examination of the gravitational wave recoil and the associated momentum extraction in the post-merger phase of two black holes in non-head-on collision, in the realm of RT spacetimes. The characteristic initial data for the system contain three independent parameters, the mass ratio α of the two initial colliding black holes, the initial infalling velocity parameter γ and the incidence angle ρ 0 . Our analysis is based on the Bondi-Sachs momentum conservation laws which give a clear picture of the processes that generate kicks in the binary merged system. The impulse imparted to the merged system by the net momentum fluxes carried out by gravitational waves are evaluated as a function of time, for a large domain of the initial data parameters. By numerically integrating the non-axisymmetric RT equation (via a numerical code based on the Galerkin spectral method) we evaluate the total net impulse at the final time u f , when the gravitational wave emission ceases. Typically the total net impulse is negative what, in terms of the Bondi-Sachs momentum conservation law, corresponds to a dominant deceleration regime of the system due to the emission of gravitational waves. However, for relatively small values of the parameters α and ρ 0 an initial positive impulse in the z direction may be present, which will be responsible for an initial inspiral branch in the motion of the centerof-mass of the system. A novel feature of non-head-on collisions (ρ 0 = 0 o ) is the nonzero net gravitational wave fluxes for equal-mass colliding black holes, contrary to the cases of head-on collisions and black hole inspiral binaries.
Based on the total net impulse we evaluated the net kick velocity [13] imparted to the system by the gravitational waves emitted. The distributions of the net kick velocity V k is obtained as a function of the symmetric mass parameter η and are well fitted by a post-Newtonian motivated formula [12, 25] with an appropriate modification to account for the nonzero gravitational wave momentum flux for equal-mass colliding black holes in nonhead-on collisions. The modified Fitchett η-scaling law adopted produces an accurate fit of the points (V k , η), with a rms error ∼ 0.038. The maximum net kick obtained was V k ∼ 121 km/s located at η ≃ 0.2257, while for initial equal-mass black holes (η = 0.25) we obtained V k ∼ 107 km/s, for an incidence angle ρ 0 = 21 o . Concerning the order of magnitude of the velocities and the location of the maximum in η, these values are consistent with results of Refs. [12, 13] which treated the case of gravitational wave recoil in the merger of black hole binary inspirals. The larger values of the kick velocities obtained in these references is possibly due to the fact that we have restricted our numerical integration to a fixed initial data parameter γ = 0.5 (or an initial infalling velocity v/c ≃ 0.462). However we give numerical evidence that for larger γ's the maximum kick velocity increases substantially. In fact, for γ = 0.7 and α = 0.524979 (the latter corresponding to the location of the maximum in the case γ = 0.5, cf. Fig. 4 ) we obtain V k ≃ 610.06 km/s.
The parameter C in the modified Fitchett formula (24), which assumes the value C = 1 for head-on collisions and binary black hole inspirals, decreases monotonically as the incidence angle ρ 0 increases. Specifically the quantity (1 − C), which increases (from zero) as the incidence angle ρ 0 increases, has a correspondence with the net kick velocity V k of equal-mass colliding black holes (η = 0.25). We mention that, for the limit case ρ 0 = 90 o , the points (V k , η) are well fitted by (24) with C ≃ 0.2117 but the fit curve is monotonic in η, a behavior analogous to the momentum P f of the black hole remnant. A complete and detailed analysis of the kick velocity distribution for a large domain of the initial data parameter space, with special focus on its dependence on the incidence angle ρ 0 , is currently under investigation. . Also based on the Bondi-Sachs momentum conservation law we have introduced a tentative definition of the center-of-mass velocity of the binary merged system. In a inertial frame that closely approximates the zero initialBondi-momentum frame, the center-of-mass velocity (i) is proportional to the gravitational wave impulse vector I W (u) (or the integrated momentum flux vector P W (u)); and (ii) approaches the net kick velocity as u → u f . This inertial frame is actually the rest frame of the centerof-mass of the merged system at u = u 0 and the trajectory of the center-of-mass is an integral curve of the velocity field v cm = cI W /(m 0 K curve exhibits an initial inspiral branch in the positive z semi-plane whenever an initial phase with P z W (u) > 0 is present.
We must do a final comment on the connection between the simulations of the present paper (post-commonhorizon, head-on and non-head-on collisions in RT dynamics) and generic black hole merger kicks. RT evolutions do not in general model the same physical situation as numerical relativity (NR) evolutions of merging binary inspirals, and do not in general cover the same computational domain. In fact, although the physical process that generates recoils in RT evolutions is the same as the one that generates recoils in NR evolutions, namely, the balance between the variation of the momentum of the system and the momentum flux of the gravitational wave emitted, the generation of the momentum flux of the wave may be completely distinct in each case, depending on the specification of the required initial data for the dynamics. However the generated recoils in both approaches, specifically head-on collision of two black holes (RT) and merging binary inspirals (NR), have impressive similar features. This suggests that -once a common horizon is formed -the generation of the momentum flux of the wave (which would determine the pattern of the recoils) might present in this domain a generic behavior and that the characteristic approach can give complementary and reliable results on the momentum extraction of the system. Also, as discussed in the present paper, characteristic initial data for non-head-on collisions [5] satisfies a slightly modified Fitchett η-scaling law (24), the modification being necessary to account for the nonzero net momentum flux for equal-mass initial colliding black holes; the distribution approaches the original Fitchett law as the incidence angle of collision approaches zero (the case of a head-on collision). Recently the resulting recoil velocity associated with a family of parametrized initial data (corresponding to a combination of the headon collision characteristic initial data) was examined [26] and was shown not to satisfy Fitchett's η-scaling law, although leading to a zero final recoil for equal-mass black holes.
